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SYSTOLIC INEQUALITIES, GINZBURG DG ALGEBRAS AND
MILNOR FIBERS
JONGMYEONG KIM
Abstract. We prove categorical systolic inequalities for the derived categories of 2-
Calabi-Yau Ginzburg dg algebras associated to ADE quivers and explore their symplecto-
geometric aspects.
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1. Introduction
The systole sys(X, g) of a Riemannian manifold (X, g) is defined to be the smallest length
of non-contractible loops in (X, g). Loewner showed that, for the 2-torus T 2, the inequality
sys(T 2, g)2 ≤ 2√
3
vol(T 2, g) (1.1)
holds for every metric g on T 2.
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This inequality, known as the systolic inequality for T 2, can be reinterpreted as follows
[3]. First, let us write T 2τ = C/(Z+ τZ) for an element τ of the upper half plane and equip
T 2τ with the symplectic form ω =
i
2dz∧dz and the holomorphic volume form Ω = dz. With
respect to these structures, the special Lagrangian submanifolds in T 2τ are those come from
the straight lines in C and they coincide with the shortest non-contractible loops in T 2τ .
Therefore, the inequality (1.1) can be rewritten as
inf
{∣∣∣∣∫
L
Ω
∣∣∣∣ ∣∣∣∣ L is a special Lagrangian submanifold in T 2τ }2 ≤ 1√3
∣∣∣∣∣
∫
T 2τ
Ω ∧ Ω
∣∣∣∣∣ (1.2)
for every τ .
There is also a categorical interpretation of this inequality due to Fan [3] motivated by
a conjecture of Bridgeland [2] and Joyce [8]. For a Calabi-Yau manifold (X,ω,Ω), the
conjecture asserts that the holomorphic volume form Ω should correspond to a stability
condition σ = (Z,P) on the derived Fukaya category DπFuk(X,ω) (more precisely, the
conjecture says that the complex moduli of X can be embedded into a quotient of the space
of stability conditions) and, under this correspondence, the σ-semistable objects (resp. the
central charge Z) should correspond to the special Lagrangian submanifolds in (X,ω) (resp.
the period integral
∫
LΩ).
In view of this conjecture, Fan [3] defined the categorical systole sys(σ) of a stability
condition σ = (Z,P) of a triangulated category to be
sys(σ) = inf{|Z(E)| |E is a σ-stable object of D}
(Definition 2.5). There is also a notion of the categorical volume vol(σ) of a stability
condition σ defined by Fan-Kanazawa-Yau [4] (Definition 2.7). Fan [3, Theorem 3.1] then
showed the following categorical analogue of the inequality (1.2):
sys(σ)2 ≤ 1√
3
vol(σ)
for every stability condition σ of DπFuk(T 2, ω).
In this paper, we will show categorical inequalities for the derived category DQ of 2-
Calabi-Yau Ginzburg dg algebras associated to ADE quivers Q.
Theorem 1.1. Let Q be an ADE quiver with n vertices. Then, for every σ ∈ Stab◦(DQ),
sys(σ)2 ≤ hQ
n
vol(σ) (1.3)
where hQ is the Coxeter number of the underlying graph of Q.
Q An Dn E6 E7 E8
hQ n+ 1 2(n− 1) 12 18 30
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We will also see a symplecto-geometric interpretation of Theorem 1.1 for Q = An. For
that case, DQ is equivalent to the derived Fukaya category DπFuk(Xn) of the Milnor fiber
Xn of type An [16]. Thus, by the Bridgeland-Joyce’s conjecture, the inequality (1.3) should
be described in terms of symplectic and complex geometry.
Now let Pn be the space of polynomials zn+1 + a1zn−1 + a2zn−2 + · · ·+ an ∈ C[z] with
only simple zeros. A polynomial p ∈ Pn gives rise to a holomorphic volume form Ωp on
Xn. Then, using Ωp and special Lagrangian submanifolds in Xn with respect to it, we can
define the systole sys(Ωp) and the volume vol(Ωp).
Theorem 1.2. For every p ∈ Pn,
sys(Ωp)
2 ≤ n+ 1
n
vol(Ωp).
Acknowledgements. The author thanks Yong-Geun Oh for many valuable discussions
especially on special Lagrangian submanifolds in the Milnor fiber of type An.
This work was supported by IBS-R003-D1.
2. Preliminaries
2.1. Stability conditions. Let D be a K-linear triangulated category. Throughout this
section, we assume D is of finite type, i.e., dimHom∗(E,F ) < ∞ for all E,F ∈ D. The
Grothendieck group K(D) of D is the abelian group generated by the objects of D with the
relation E − F + G whenever there is an exact triangle E → F → G → E[1] in D. For
E,F ∈ D, their Euler form is defined by
χ(E,F ) =
∑
i∈Z
(−1)idimHom(E,F [i]).
Note that it descends to the map χ : K(D) × K(D) → Z for which we use the same
notation. We then define the numerical Grothendieck group by
N (D) = K(D)/〈E ∈ K(D) |χ(E,−) = 0〉.
In what follows, we will also assume that rkN (D) <∞.
Definition 2.1 ([1]). A (numerical) stability condition σ = (Z,P) on a triangulated cate-
gory D consists of a group homomorphism Z : N (D)→ C and a full additive subcategory
P(φ) ⊂ D for each φ ∈ R which satisfy the following conditions:
(1) if 0 6= E ∈ P(φ), then Z(E) ∈ R>0eiπφ;
(2) P(φ+ 1) = P(φ) for every φ ∈ R;
(3) if φ1 > φ2 and Ei ∈ P(φi), then Hom(E1, E2) = 0;
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(4) for every 0 6= E ∈ D, there exist real numbers φ1 > · · · > φk and Ei ∈ P(φi) which
fit into an iterated exact triangle of the form (which is necessarily unique)
0 // ∗ //
⑦⑦
⑦⑦
⑦⑦
⑦⑦
∗
⑦⑦
⑦⑦
⑦⑦
⑦⑦
· · · ∗ // E
~~⑥⑥
⑥⑥
⑥⑥
⑥⑥
E1
+1
__❅❅❅❅❅❅❅❅
E2
+1
__❅❅❅❅❅❅❅❅
Ek
+1
__❅❅❅❅❅❅❅❅
;
(5) there exists a constant C > 0 and a norm ‖−‖ on N (D)⊗Z R such that
‖E‖ ≤ C|Z(E)|
for any E ∈ P(φ) and φ ∈ R.
From the conditions of the above definition, it follows that the full subcategories P(φ)
are abelian. For a stability condition σ = (Z,P) ∈ Stab(D), we call Z the central charge
and an object (resp. a simple object) in the abelian category P(φ) to be (σ-)semistable
(resp. (σ-)stable) of phase φ.
Let us denote by Stab(D) the space of (numerical) stability conditions on D. Bridgeland
[1] introduced a nice topology on Stab(D) with respect to which the projection
Stab(D)→ Hom(N (D),C); (Z,P) 7→ Z
becomes a local homeomorphism. Thus the standard complex structure on Hom(N (D),C) ∼=
CrkN (D) induces the one on Stab(D).
There are two natural actions on Stab(D). The first one is the action of the group
Auteq(D) of exact autoequivalences of D. For Φ ∈ Auteq(D) and (Z,P) ∈ Stab(D), it is
given by
Φ · (Z,P) = (Z ◦Φ−1,Φ(P))
where Φ(P)(φ) = Φ(P(φ)). The second one is the action of C. For ζ ∈ C and (Z,P) ∈
Stab(D), it is given by
(Z,P) · ζ = (e−iπζZ,P[Re(ζ)])
where P[Re(ζ)](φ) = P(φ+Re(ζ)).
2.2. Hearts and simple tilting. For the sake of simplicity, let us assume that N (D) =
K(D), i.e., the Euler form is non-degenerate, throughout this subsection.
Let σ = (Z,P) ∈ Stab(D) be a stability condition. For an interval I ⊂ R, define
P(I) ⊂ D to be the smallest full extension closed subcategory containing P(φ) for all
φ ∈ I. Then one can show that D≤0σ = P(0,∞) is a bounded t-structure on D. We call
the heart Aσ = P(0, 1] of this bounded t-structure the heart of the stability condition σ.
Let A be an abelian category. A stability function on A is a group homomorphism
Z : K(A)→ C such that for every 0 6= E ∈ A, Z(E) lies in
H = {reiπφ ∈ C | r ∈ R>0 and φ ∈ (0, 1]}.
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For a stability function Z : K(A)→ C and 0 6= E ∈ A, define the phase of E as
φ(E) =
1
pi
argZ(E) ∈ (0, 1].
Then we call an object 0 6= E ∈ A to be (Z-)semistable (resp. (Z-)stable) if for ev-
ery 0 6= F ( E one has φ(F ) ≤ φ(E) (resp. φ(F ) < φ(E)). If A has a property
analogous to Definition 2.1 (4) with respect to Z-semistable objects, we say Z has the
Harder-Narasimhan property.
A stability condition can be thought of as a refinement of the heart of a bounded t-
structure in the following sense.
Proposition 2.2 ([1], Proposition 5.3). To give a stability condition on D is equivalent to
give a bounded t-structure on D and a stability function Z on its heart with the Harder-
Narasimhan property.
Proof. For a stability condition σ = (Z,P) ∈ Stab(D), the corresponding t-structure and
stability function are given by D≤0σ = P(0,∞) and Z : K(Aσ) ∼= K(D) → C. For details,
see [1, Proposition 5.3]. 
We denote by StabA(D) ⊂ Stab(D) the space of stability conditions on D whose heart
is A. If A has a finiteness property, StabA(D) can be easily described.
Lemma 2.3 ([2], Lemma 5.2). Let A be the heart of a bounded t-structure on D. Suppose
A is a finite length abelian category with n simple objects S1, . . . , Sn. Then StabA(D) is
isomorphic to Hn.
Proof. The isomorphism is given by StabA(D) ∋ σ = (Z,P) 7→ (Z(Si))ni=1 ∈ Hn. For
details, see [2, Lemma 5.2]. 
Let A be the heart of a bounded t-structure on D and (T ,F) be a torsion pair on it.
Define a full additive subcategory A♯ (resp. A♭) ⊂ D whose objects are those E ∈ D such
that
H−1(E) ∈ F ,H0(E) ∈ T and H i(E) = 0 for all i 6= −1, 0
(resp. H0(E) ∈ F ,H1(E) ∈ T and H i(E) = 0 for all i 6= 0, 1)
where H i denotes the ith cohomology with respect to the bounded t-structure correspond-
ing to A. Then A♯ (resp. A♭) is again the heart of a bounded t-structure with the torsion
pair (F [1],T ) (resp. (F ,T [−1])) [6]. We call A♯ (resp. A♭) the forward tilt (resp. backward
tilt) of A with respect to (T ,F). In the case that F (resp. T ) is generated by a single
simple object S ∈ A, the corresponding forward tilt (resp. backward tilt) is called simple
and denoted by A♯S (resp. A♭S).
Denote by Sim(A) the set of simple objects in an abelian category A.
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Proposition 2.4 ([12], Proposition 5.4). Let A be the heart of a bounded t-structure on D
which is of finite length and S ∈ A be a rigid simple object. Then,
Sim(A♯S) = {S[1]} ∪ {Φ♯S(M) |S 6=M ∈ Sim(A)},
Sim(A♭S) = {S[−1]} ∪ {Φ♭S(M) |S 6=M ∈ Sim(A)}
where
Φ♯S(M) = Cone(M → Hom(M,S[1])∨ ⊗ S[1])[−1],
Φ♭S(M) = Cone(Hom(S[−1],M) ⊗ S[−1]→M).
In particular, A♯S ,A♭S are again of finite length with |Sim(A♯S)| = |Sim(A♭S)| = |Sim(A)|.
2.3. Categorical systole and volume. Let (X,ω,Ω) be a compact Calabi-Yau manifold
with a symplectic form ω and a holomorphic volume form Ω. The systole of (X,ω,Ω) can
be defined as
sys(X,ω,Ω) = inf
{∣∣∣∣∫
L
Ω
∣∣∣∣ ∣∣∣∣ L is a special Lagrangian submanifold in (X,ω,Ω)} .
In view of this observation and the conjectural description of stability conditions on Fukaya
categories [2, 8] mentioned in the introduction, Fan [3] introduced a categorical analogue
of systole.
Definition 2.5 ([3]). The categorical systole of σ = (Z,P) ∈ Stab(D) is defined by
sys(σ) = inf{|Z(E)| |E is a σ-stable object of D}.
Remark 2.6. By the condition Definition 2.1 (5), sys(σ) > 0 for any σ ∈ Stab(D).
On the other hand, the volume of (X,ω,Ω) is given by
vol(X,ω,Ω) =
∣∣∣∣∫
X
Ω ∧ Ω
∣∣∣∣ .
For a basis L1, . . . , Lk of Hd(X,Z)/Torsion (where d = dimCX), this can be rewritten as
vol(X,ω,Ω) =
∣∣∣∣∣∣
k∑
i,j=1
γij
∫
Li
Ω
∫
Lj
Ω
∣∣∣∣∣∣
where γij is the (i, j)-component of the inverse matrix of the intersection matrix (Li ·Lj)i,j .
This leads to the following definition.
Definition 2.7 ([4]). Fix a basis E1, . . . , Ek of N (D). The categorical volume of σ =
(Z,P) ∈ Stab(D) is defined by
vol(σ) =
∣∣∣∣∣∣
k∑
i,j=1
χijZ(Ei)Z(Ej)
∣∣∣∣∣∣
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where χij is the (i, j)-component of the inverse matrix of the matrix (χ(Ei, Ej))i,j .
The following can be easily checked.
Lemma 2.8 ([3], Lemmas 2.6 and 2.11). For Φ ∈ Auteq(D), ζ ∈ C and σ ∈ Stab(D),
(1) sys(Φ · σ) = sys(σ);
(2) sys(σ · ζ) = eπIm(ζ)sys(σ);
(3) vol(Φ · σ) = vol(σ);
(4) vol(σ · ζ) = e2πIm(ζ)vol(σ).
Corollary 2.9. The map vol/sys2 defines a map from Auteq(D)\Stab(D)/C to [0,∞).
3. Categorical systolic inequalities
3.1. Ginzburg dg algebras. Let Q be an ADE quiver, i.e., a quiver whose underlying
graph is an ADE graph. Let Q0 = {1, . . . , n} be the set of vertices of Q and Q1 be the set
of arrows of Q. The 2-Calabi-Yau Ginzburg dg algebra ΓQ = (KQ̂, d) associated to Q is
defined as follows [5]. First, KQ̂ is the graded path algebra of the extended quiver Q̂ with
vertices Q̂0 = Q0 with the following arrows:
• the original arrow a ∈ Q1 (degree 0);
• the opposite arrow a∗ : j → i for each a : i→ j ∈ Q1 (degree 0);
• a loop ti : i→ i for each i ∈ Q0 (degree −1).
The differential d : KQ̂→ KQ̂ is then defined by
• da = da∗ = 0 for every a ∈ Q1;
• dti =
∑
a∈Q1
ei(aa
∗ − a∗a)ei where ei denotes the constant path at i ∈ Q0.
LetD(ΓQ) be the derived category of dg modules over ΓQ. The finite-dimensional derived
category DQ = Dfd(ΓQ) is defined to be the full triangulated subcategory of D(ΓQ) whose
objects consist of dg modules M such that dimH∗(M) <∞.
Theorem 3.1 ([9], Theorem 6.3). The category DQ is 2-Calabi-Yau, i.e., there is an
isomorphism
Hom(M,N) ∼= Hom(N,M [2])∨
which is functorial in both M,N ∈ DQ.
There are n simple dg modules S1, . . . , Sn corresponding to each of the n vertices of Q.
It turns out that they generate DQ and their configuration can be described as follows.
Proposition 3.2 ([10], Lemma 2.15). The category DQ is generated by S1, . . . , Sn and
Hom∗(Si, Sj) =

K⊕K[−2] (i = j)
K[−1] (i ∼ j in Q)
0 (otherwise)
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where i ∼ j in Q if and only if i is adjacent to j in Q.
Let D≤0can ⊂ DQ be the full subcategory consisting of dg modules M with H i(M) = 0 for
all i > 0. This determines a bounded t-structure and its heart Acan is of finite length and
Sim(Acan) = {S1, . . . , Sn}.
Let us denote by Stab◦(DQ) ⊂ Stab(DQ) the connected component containing StabAcan(DQ).
The following can be proved using [17, Theorem 2.12].
Proposition 3.3 ([14], Corollary 5.3). For an ADE quiver Q,
Stab◦(DQ) =
⋃
A
StabA(DQ)
where the union is over all hearts A obtained from Acan by iterated simple forward/backward
tilts.
By Proposition 3.2, S1, . . . , Sn are spherical objects in the sense of [15]. Thus each Si
defines an exact autoequivalence Φi called the spherical twist which acts on M ∈ DQ as
Φi(M) = Cone(Hom
∗(Si,M)⊗ Si →M),
Φ−1i (M) = Cone(M → Hom∗(M,Si)∨ ⊗ Si)[−1].
Let Sph(DQ) be the subgroup of Auteq(DQ) generated by Φ1, . . . ,Φn.
Corollary 3.4. For an ADE quiver Q,
Stab◦(DQ) =
⋃
Φ∈Sph(DQ)
Φ · StabAcan(DQ).
Proof. Let A♯i (resp. A♭i) be the simple forward tilt (resp. backward tilt) of Acan with
respect to Si. By Proposition 3.2, it follows that Φ
♯
Si
(M) = Φ−1i (M) and Φ
♭
Si
(M) = Φi(M)
for all Si 6= M ∈ Sim(Acan). Since Φi(Si) = Si[−1], this implies that Sim(A♯i) =
Φ−1i (Sim(Acan)) and Sim(A♭i) = Φi(Sim(Acan)) by Proposition 2.4. ThereforeA♯i = Φ−1i (Acan),
A♭i = Φi(Acan) and
Stab
A
♯
i
(DQ) = StabΦ−1i (Acan)(DQ) = Φ
−1
i · StabAcan(DQ),
StabA♭i
(DQ) = StabΦi(Acan)(DQ) = Φi · StabAcan(DQ).
The assertion follows by iterating this process and applying Proposition 3.3. 
3.2. Proof of Theorem 1.1. By Corollaries 2.9 and 3.4, it is enough to prove Theorem
1.1 for the stability conditions in StabAcan(DQ) ⊂ Stab◦(DQ).
Note that K(DQ) ∼= K(Acan) ∼= Zn is generated by the classes of S1, . . . , Sn. Moreover,
by Proposition 3.2, (χ(Si, Sj))i,j is the Cartan matrix of the underlying graph of Q. In
particular, it is non-degenerate so N (DQ) = K(DQ).
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Definition 3.5. Let ∆+Q be the subset of K(DQ) ∼= Zn consisting of those elements corre-
sponding to the positive roots of the underlying graph of Q so that S1, . . . , Sn correspond
to the simple roots.
Example 3.6. Let Q be an A3 quiver. Then,
∆+Q = {S1, S2, S3, S1 + S2, S2 + S3, S1 + S2 + S3} ⊂ K(DQ).
Proposition 3.7. Let Q be an ADE quiver with n vertices. Then, for any σ = (Z,P) ∈
StabAcan(DQ),
vol(σ) =
n∑
i,j=1
χijZ(Si)Z(Sj) =
1
hQ
∑
M∈∆+Q
|Z(M)|2 (3.1)
where hQ is the Coxeter number of the underlying graph of Q.
Proof. It suffices to prove the second equality of (3.1). Indeed, it implies the middle of (3.1)
is non-positive so the first equality follows from the definition of the categorical volume.
We will show the second equality of (3.1) by comparing the coefficients of Z(Si)Z(Sj)
in both sides for every i ≤ j. More specifically, we shall show that
χij =
1
hQ
∑
M∈∆+Q
ci(M)cj(M) (3.2)
for all 1 ≤ i ≤ j ≤ n, where ci(M) ∈ Z≥0 denotes the coefficient of Si in M .
(1) Let Q be an An quiver. Label the vertices of Q as follows (the orientations of the
arrows are suppressed from the picture):
1• 2• 3• n−1• n•
Then χij , which is the (i, j)-component of the inverse matrix of the Cartan matrix (χ(Si, Sj))i,j ,
is given by
χij = min{i, j} − ij
n+ 1
.
Moreover ∆+Q consists of
n(n+1)
2 elements Rij = Si + · · ·+ Sj (1 ≤ i ≤ j ≤ n).
Now fix i ≤ j. Then ci(Rkl)cj(Rkl) 6= 0 if and only if ci(Rkl)cj(Rkl) = 1 if and only if
k ≤ i ≤ j ≤ l. This implies that
1
hQ
∑
M∈∆+Q
ci(M)cj(M) =
1
n+ 1
· i(n + 1− j) = i− ij
n+ 1
= χij .
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(2) Let Q be a Dn quiver. Label the vertices of Q as follows:
1• 2• 3• n−2• n−1•
•
n
Then χij for i ≤ j is given by
χij =

i (1 ≤ i ≤ j ≤ n− 2)
i
2 (1 ≤ i ≤ n− 2, j = n− 1, n)
n−2
4 ((i, j) = (n− 1, n))
n
4 ((i, j) = (n− 1, n− 1), (n, n))
and those for i > j can be obtained from this using χij = χji. Moreover ∆+Q consists of
n(n− 1) elements. Concretely, ∆+Q consists of (n−2)(n−1)2 elements of the form
Rij = Si + · · ·+ Sj (1 ≤ i ≤ j ≤ n− 2),
n− 1 elements of the form
R+i = Si + · · ·+ Sn−2 + Sn−1 (1 ≤ i ≤ n− 1),
n− 1 elements of the form
R−i = Si + · · ·+ Sn−2 + Sn (1 ≤ i ≤ n− 1)
(we set R−n−1 = Sn), and
(n−2)(n−1)
2 elements of the form
Rai = Si + · · ·+ Sn−a−2 + 2Sn−a−1 + · · · + 2Sn−2 + Sn−1 + Sn (1 ≤ i ≤ n− a− 2)
where 0 ≤ a ≤ n− 3.
• Let (i, j) = (n− 1, n− 1) (the case (i, j) = (n, n) can be treated in the same way).
The elements of ∆+Q that contribute to the right hand side of (3.2) are R
+
k , R
a
k and
each of them contributes 1. Therefore
1
hQ
∑
M∈∆+Q
ci(M)cj(M) =
1
2(n − 1)
[
(n− 1) + (n− 2)(n − 1)
2
]
=
n
4
= χij .
• Next, let (i, j) = (n− 1, n). In this case, the elements of ∆+Q that contribute to the
right hand side of (3.2) are Rak and each of them contributes 1. Thus
1
hQ
∑
M∈∆+Q
ci(M)cj(M) =
1
2(n − 1) ·
(n− 2)(n − 1)
2
=
n− 2
4
= χij .
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• Now fix 1 ≤ i ≤ n − 2, j = n − 1 (again, the case j = n can be treated similarly).
The elements of ∆+Q that contribute to the right hand side of (3.2) are R
+
k , R
a
k
(k ≤ i). There are i such R+k and each of them contributes 1. On the other hand, if
0 ≤ a ≤ n− i− 2, each Rak contributes 1 and the number of such Rak is (n− i− 1)i.
Moreover, if n− i− 1 ≤ a ≤ n− 3, each Rak contributes 2 and the number of such
Rak is
(i−1)i
2 . This shows that
1
hQ
∑
M∈∆+Q
ci(M)cj(M) =
1
2(n − 1)
[
i+ (n− i− 1)i+ 2 · (i− 1)i
2
]
=
i
2
= χij.
• Finally, fix 1 ≤ i ≤ j ≤ n − 2. The elements of ∆+Q that contribute to the right
hand side of (3.2) are Rkl, R
+
k , R
−
k , R
a
k (k ≤ i ≤ j ≤ l). Among them, each Rkl
(resp. R±k ) contributes 1 and there are (n− j− 1)i (resp. i) such elements. On the
other hand, each Rak contributes 1 if 0 ≤ a ≤ n − j − 2 and there are (n − j − 1)i
such Rak. Moreover, if n − j − 1 ≤ a ≤ n − i − 2, each Rak contributes 2 and the
number of such Rak is (j − i)i. For the remaining case n− i− 1 ≤ a ≤ n− 3, each
Rak contributes 4 and there are
(i−1)i
2 such R
a
k. Consequently, we get
1
hQ
∑
M∈∆+Q
ci(M)cj(M) =
1
2(n − 1)
[
(n− j − 1)i+ i+ i+ (n− j − 1)i + 2 · (j − i)i+ 4 · (i− 1)i
2
]
= i = χij.
(3) The exceptional cases E6, E7, E8 can be verified by direct computations. 
Proof of Theorem 1.1. Let σ = (Z,P) ∈ StabAcan(DQ). Since S1, . . . , Sn are simple in
Acan, they are stable for any σ ∈ StabAcan(DQ). Therefore
sys(σ) = inf{|Z(M)| |M is a σ-stable object of DQ} ≤ inf
1≤i≤n
|Z(Si)|.
Then, by Proposition 3.7,
vol(σ) =
1
hQ
∑
M∈∆+Q
|Z(M)|2 ≥ 1
hQ
n∑
i=1
|Z(Si)|2
≥ n
hQ
inf
1≤i≤n
|Z(Si)|2 ≥ n
hQ
sys(σ)2
as desired. 
4. Geometric viewpoint
4.1. Milnor fibers. Let Pn be the space of polynomials zn+1+a1zn−1+a2zn−2+· · ·+an ∈
C[z] with only simple zeros. This can be identified with the configuration space Conf0n+1(C)
of n + 1 points in C with the center of mass 0 by sending (z − ζ1) · · · (z − ζn+1) ∈ Pn to
[ζ1, . . . , ζn+1] ∈ Conf0n+1(C).
SYSTOLIC INEQUALITIES, GINZBURG DG ALGEBRAS AND MILNOR FIBERS 12
For p ∈ Pn, we consider the associated Milnor fiber of type An
Xp = {(x, y, z) ∈ C3 |x2 + y2 = p(z)}
equipped with the symplectic form ωp restricted from the standard symplectic form ωstd =
i
2(dx ∧ dx + dy ∧ dy + dz ∧ dz) on C3. It is known that the symplectomorphism type of
(Xp, ωp) does not depend on the choice of p ∈ Pn. Indeed, all of them are symplectomorphic
to the An-plumbing of the cotangent bundles of S
2.
Now consider the projection pi : Xp → C; (x, y, z) 7→ z. Let ∆p ⊂ C be the set of zeroes
of p and
Σp,ζ = {(
√
p(ζ) cos θ,
√
p(ζ) sin θ, ζ) ∈ C3 | θ ∈ S1 = R/2piZ} ⊂ pi−1(ζ)
(where
√
p is a suitably chosen smooth square root of p). Note that, for ζ ∈ ∆p (resp.
ζ ∈ C \ ∆p), Σp,ζ is a point (resp. a circle). A simple curve γ : [0, 1] → C such that
γ−1(∆p) = {0, 1} and γ(0) 6= γ(1) will be called a matching path. For a matching path γ,
we define the matching cycle associated to γ by
Lγ =
⋃
t∈[0,1]
Σp,γ(t).
This is a Lagrangian sphere of (Xp, ωp) and isotopic matching paths give Hamiltonian
isotopic matching cycles [11, Lemma 6.12].
Theorem 4.1 ([18], Theorem 1). Every exact Lagrangian submanifold in (Xp, ωp) is
Hamiltonian isotopic to a matching cycle.
Note that a matching cycle is invariant under the U(1)-action on Xp given by
eiθ · (x, y, z) = (x cos θ − y sin θ, x sin θ + y cos θ, z).
It turns out that the converse also holds.
Lemma 4.2. An exact Lagrangian submanifold in (Xp, ωp) is U(1)-invariant if and only
if it is a matching cycle.
Proof. Every U(1)-orbit is contained in pi−1(ζ) for some ζ ∈ C. For ζ ∈ ∆p, a U(1)-orbit
inside pi−1(ζ) is of the form {(reiθ, ireiθ, ζ) ∈ C3 | θ ∈ S1} or {(reiθ,−ireiθ, ζ) ∈ C3 | θ ∈ S1}
for some r ∈ R≥0. On the other hand, for ζ ∈ C \∆p, a U(1)-orbit inside pi−1(ζ) can be
written as{(√
p(ζ)
2
(
reiθ +
1
r
e−iθ
)
,
√
p(ζ)
2i
(
reiθ − 1
r
e−iθ
)
, ζ
)
∈ C3
∣∣∣∣∣ θ ∈ S1
}
for some r ∈ R>0. This can be seen from the U(1)-equivariant diffeomorphism
C∗ → pi−1(ζ); u 7→
(√
p(ζ)
2
(
u+
1
u
)
,
√
p(ζ)
2i
(
u− 1
u
)
, ζ
)
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where U(1) acts on C∗ by eiθ · u = eiθu.
Let L be a U(1)-invariant exact Lagrangian submanifold in (Xp, ωp) which is necessarily
a 2-sphere by Theorem 4.1. Moreover, by the above description of the U(1)-orbits, the
projected image pi(L) must be the image of a curve γ : [0, 1]→ C such that γ(0), γ(1) ∈ ∆p,
γ(0) 6= γ(1) and (0, 0, γ(0)), (0, 0, γ(1)) ∈ L. Take 0 < ε < 1 so that γ(t) ∈ C \∆p for all
0 < t < ε. Near (0, 0, γ(0)) ∈ L, let us parametrize L by ι : (0, ε) × S1 → Xp as follows:
ι(t, θ) = (x(t, θ), y(t, θ), γ(t))
=
(√
p(γ(t))
2
(
r(t)eiθ +
1
r(t)
e−iθ
)
,
√
p(γ(t))
2i
(
r(t)eiθ − 1
r(t)
e−iθ
)
, γ(t)
)
for some smooth function r : (0, ε) → R>0. Below, we will see the Lagrangian condition
ι∗ωp = 0 implies that ε can be taken to be 1 and r(t) = 1 for all 0 < t < ε = 1. Then it
follows that γ is simple, γ−1(∆p) = {0, 1}, ι(t, S1) = Σp,γ(t) for all t ∈ [0, 1] and therefore
L = Lγ .
By a direct computation, we have
ι∗ωp =
d
dt
[
1
4
|p(γ(t))|
(
r(t)2 − 1
r(t)2
)]
dt ∧ dθ
and so ι∗ωp = 0 if and only if
1
4
|p(γ(t))|
(
r(t)2 − 1
r(t)2
)
= c
is a constant. On the other hand,
1
4
|p(γ(t))|
(
r(t)2 − 1
r(t)2
)
= Im(x(t, θ)y(t, θ))→ 0 (t→ 0).
This shows that c = 0 and therefore r(t) = 1 for all 0 < t < ε. A similar argument shows
that ε can be taken to be 1 (otherwise L becomes an Ak-chain of 2-spheres). 
4.2. Special Lagrangian submanifolds. We call (X,ω,Ω) an almost Calabi-Yau man-
ifold if (X,ω) is a Ka¨hler manifold and Ω is a holomorphic volume form. Recall that a
special Lagrangian submanifold of (X,ω,Ω) is a Lagrangian submanifold L of (X,ω) such
that Im(e−iφΩ|L) = 0 for some φ ∈ R called the phase.
As before, we define the systole of (X,ω,Ω) by
sys(Ω) = sys(X,ω,Ω) = inf
{∣∣∣∣∫
L
Ω
∣∣∣∣ ∣∣∣∣ L is a special Lagrangian submanifold in (X,ω,Ω)} .
Now, for simplicity, assume that the intersection product on Hd(X,Z)/Torsion (where
d = dimCX) is non-degenerate. Fixing a basis L1, . . . , Lk of Hd(X,Z)/Torsion, we define
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the volume of (X,ω,Ω) by
vol(Ω) = vol(X,ω,Ω) =
∣∣∣∣∣∣
k∑
i,j=1
γij
∫
Li
Ω
∫
Lj
Ω
∣∣∣∣∣∣
where γij is the (i, j)-component of the inverse matrix of the intersection matrix (Li ·Lj)i,j .
Note that if X is compact, this coincides with the usual volume
∣∣∫
X Ω ∧ Ω
∣∣.
From now on, let us specialize to the case of Milnor fibers. As mentioned before, the
Milnor fiber (Xp, ωp) does not depend on the choice of p ∈ Pn as a symplectic manifold.
However, its complex structure depends on the choice of p ∈ Pn. More precisely, each
p ∈ Pn determines a holomorphic volume form on Xp by
Ωp = Res
dx ∧ dy ∧ dz
x2 + y2 − p(z)
which also can be written as
Ωp =
dx ∧ dy|Xp
p′(z)
= −dy ∧ dz|Xp
2x
=
dx ∧ dz|Xp
2y
.
Lemma 4.3. A special Lagrangian submanifold in (Xp, ωp,Ωp) is U(1)-invariant.
Proof. Let L be a special Lagrangian submanifold in (Xp, ωp,Ωp). For every t ∈ R, Lt =
eit · L is again a special Lagrangian submanifold (of the same phase). On the other hand,
the space of infinitesimal special Lagrangian deformations of L can be identified with
H1(L,R) ∼= H1(S2,R) = 0 [13, Theorem 3.6]. It implies that Lt = L for all t ∈ R. 
Lemma 4.4. A matching cycle Lγ is a special Lagrangian submanifold in (Xp, ωp,Ωp) if
and only if γ is a line segment.
Proof. Consider the parametrization ι : (0, 1) × S1 → Xp of Lγ given by
ι(t, θ) = (
√
p(γ(t)) cos θ,
√
p(γ(t)) sin θ, γ(t)).
Then a direct computation shows that
ι∗Ωp =
γ′(t)
2
dt ∧ dθ.
Thus Lγ being a special Lagrangian submanifold means that arg γ
′(t) is a constant, or
equivalently that γ is a line segment. 
Combining Lemmas 4.2, 4.3 and 4.4, we obtain the following classification of special
Lagrangian submanifolds in (Xp, ωp,Ωp).
Corollary 4.5. Special Lagrangian submanifolds in (Xp, ωp,Ωp) are precisely those of the
forms Lγ for line segments γ.
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4.3. Proof of Theorem 1.2. In this subsection, we will view Pn as the configuration
space Conf0n+1(C). Let P◦n ⊂ Pn be the configuration space of n+1 points in C in general
position (with the center of mass 0) in the sense that no 3 points of them lie on a single
line. For p = [ζ1, . . . , ζn+1] ∈ P◦n, let us fix an order of n + 1 points ζ1, . . . , ζn+1. We then
define lij(p) (1 ≤ i ≤ j ≤ n) to be the length of the line segment connecting ζi and ζj+1.
Fix p = [ζ1, . . . , ζn+1] ∈ P◦n and let Lij (1 ≤ i ≤ j ≤ n) be the matching cycle associated
to the line segment connecting ζi and ζj+1. By Corollary 4.5, these exhaust all special
Lagrangian submanifolds in (Xp, ωp,Ωp). Then since∣∣∣∣∣
∫
Lij
Ωp
∣∣∣∣∣ = pi · lij(p),
we can write the systole of (Xp, ωp,Ωp) as
sys(Ωp) = pi · inf
1≤i≤j≤n
lij(p).
Now take L1 = L11, . . . , Ln = Lnn as a basis of H2(Xp,Z) ∼= Zn. Their intersection
matrix (Li ·Lj)i,j is the Cartan matrix of type An (under a suitable choice of orientations)
[11]. Then, as in the proof of Proposition 3.7, we can show that
vol(Ωp) =
pi2
n+ 1
∑
1≤i≤j≤n
l2ij.
On the other hand, it is known that
Sph(DAn)\Stab◦(DAn) ≃ Pn (4.1)
[16, Theorem 6.4] (also see [7, Theorem 1.1]). For p ∈ P◦n, we can take a representative
σp = (Z,P) ∈ Stab◦(DAn) under this correspondence with the properties that there exists
a σp-stable object Sij (1 ≤ i ≤ j ≤ n) in the class Si + · · · + Sj ∈ K(DAn) satisfying
Z(Sij) = lij(p) and the set of σp-stable objects coincide with the set of shifts of Sij [16].
Note that, by Lemma 2.8, sys(σ) = sys(σp), vol(σ) = vol(σp) for any representative σ ∈
Stab◦(DAn) of the element corresponding to p ∈ Pn under the correspondence (4.1).
Proposition 4.6. For every p ∈ Pn,
sys(Ωp) = pi · sys(σp),
vol(Ωp) = pi
2 · vol(σp).
Proof. The above description of the representative σp ∈ Stab◦(DAn) shows that the asser-
tion holds for every p ∈ P◦n. As P◦n is dense in Pn, it also shows that the assertion holds
for every p ∈ Pn. 
Proof of Theorem 1.2. Follows from Theorem 1.1 and Proposition 4.6. 
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